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Abstract. In recent work ([9], [10]), Kostant and Wallach construct an action of a sim- 
ply connected Lie group A on Q\.{n) using a completely integrable system derived 
from the Poisson analogue of the Gelfand-Zeitlin subalgebra of the enveloping algebra. 
In [9], the authors show that ^-orbits of dimension (2) form Lagrangian submanifolds 
of regular adjoint orbits in Qi{n). They describe the orbit structure of A on a cer- 
tain Zariski open subset of regular semisimple elements. In this paper, we describe all 
j4-orbits of dimension (2) and thus all polarizations of regular adjoint orbits obtained 
using Gelfand-Zeitlin theory. 



1. Introduction 

In recent papers ([9], [lO]), Bertram Kostant and Nolan Wallach construct an action of 

a complex, commutative, simply connected Lie group A ~ C^^) on the Lie algebra of nx n 
complex matrices Q\-{n). The dimension of this group is exactly half the dimension of a 
regular adjoint orbit in g[(n) and orbits of A of dimension (2) are Lagrangian submanifolds 
of regular adjoint orbits. We refer to the group A introduced by Kostant and Wallach as 
the Gelfand-Zeitlin group, because of its connection with the Gelfand-Zeitlin algebra, as 
we will explain in section [2l 

The group A and its action are constructed as follows. Given i < n, we can think of 
Ql{i) Q\-{n) as a subalgebra by embedding anixi matrix into the top left-hand corner of 
annxn matrix. For 1 < i < n and 1 < j < "i, let fij{x) be the polynomial on 0[(n) defined 
by fij{x) = tr(x^), where Xj denotes the ixi submatrix in the top left-hand corner of x. In 
[H], it is shown that the functions <i<:n, l<j<i} are algebraically independent 

and Poisson commute with respect to the Lie-Poisson structure on gl{n) ~ gl{n)*. The 
corresponding Hamiltonian vector fields ^/-^ generate a commutative Lie algebra a of 
dimension (^j- The group A is defined to be the simply connected, complex Lie group 
that corresponds to the Lie algebra a. The vector fields ^j.^ are complete (Theorem 3.5 

in P), and therefore a integrates to a global action of C^^) on gi{n). This action of 
defines the action of the group A on gl{n). 
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Our goal in this paper is to describe all A-orbits of dimension Q). An element x G Ql{n) 
is called strongly regular if and only if its A-orbit is of dimension (2) • One way of studying 

n(n + l) 

such orbits is to study the action of A on fibres the map $ : gl{n) C 2 

(1-1) ^(x) = (pi,l(Xi),P2,l(2^2), ■ ■ ■ ,Pn,ni^))^ 

where Pij{xi) is the coefficient of in the characteristic polynomial of Xi. 

In Theorem 2.3 in [9], the authors show that this map is surjective and that every fibre 
of this map $^^(c) = Ql{n)c contains strongly regular elements. Following [9J, we denote 
the strongly regular elements in the fibre Qi{n)c by g[(n)^^^^. By Theorem 3.12 in [9], the 
A-orbits in Qi{n)^'^'^^ are precisely the irreducible components of the fibres Thus, 
our study of the action of A on gl{nY^'^^ is reduced to studying the A-orbit structure 
of the fibres g[(n)^''^^. In [9], Kostant and Wallach describe the A-orbit structure on a 
special class of fibres that consist of certain regular semisimple elements. In this paper, 

n(n + l) 

we describe the A-orbit structure of Ql{n)l^'^^ for any c G C 2 . 

In section 121 we describe the construction of the group A in [9] in more detail. In section 
El we describe the results in [9] about its orbit structure. We summarize theses results 
briefiy here. For any x G let a{x) denote the spectrum of x. In [9], Kostant and 

Wallach describe the action of the group A on a Zariski open subset of regular semisimple 
elements defined by 

QK^)n = {x E gl{n) \ Xi is regular semisimple, fl a{xi) = 0, 2 < i < n}. 

-I o n(n + l) 

Let Ci G C and consider c = (ci, C2, ■ ■ ■ , c„) G C x C x ■ ■ ■ x C" = . Regard 

Ci = {zi, ■ ■ ■ , Zi) as the coefficients of the degree i monic polynomial 

(1.2) p^^{t) = Zi + Z2t + --- + Zif-^ + t\ 

n(n + l) 

Let Vtn denote the Zariski open subset of C 2 given by the tuples c such that Pc^t) 
has distinct roots and Pc^{t) and Pa+^it) have no roots in common. Clearly, g[(n)Q = 
Ucgn 0K'^)c- The action of A on gl(n)Q is described in the following theorem. (Theorem 

[32D." 

Theorem 1.1. The elements of gl{n)Q are strongly regular. If c E Qn then Ql{n)c = 
Ql{n)f'^^ is precisely one orbit under the action of the group A. Moreover, Ql{n)c is a 
homogeneous space for a free, algebraic action of the torus (C^)(2). 

In section HI we give a construction that describes an A-orbit in an arbitrary fibre 
Ql{n)f'^^ as the image of a certain morphism of a commutative, connected algebraic group 
into Ql{n)^J'^^. The construction in section H] gives a bijection between A-orbits in Ql{n)f'^^ 
and orbits of a product of connected, commutative algebraic groups acting freely on a 
fairly simple variety, but it does not enumerate the A-orbits in Ql{n)^J''^^. In section [5l we 
use the construction developed in section [Hand combinatorial data of the fibre gl{n)f'^^ 
to give explicit descriptions of the A-orbits in ^[(n)^^'^^. The main result is Theorem 15. IH 
which contrasts substantially with the generic case described in Theorem II. 1[ 
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Theorem 1.2. Let c = (ci, C2, ■ ■ ■ , c„) G C x C x ■ • • x C" = C 2 be such that there 
are < ji < i roots in common between the monic polynomials (t) and Pa^i {t) ■ Then 

the number of A- orbits in Ql(n)f'^^ is exactly 2^»=i ^\ For x G gl{n)^J^^ , let Zi denote 
the centralizer of the Jordan form of Xi in Ql{i). The orbits of A on g[(n)^''^^ are the 
orbits of a free algebraic action of the complex, commutative, connected algebraic group 
Z = Zix ■■■X on 0[(n)f '^s. 

Remark 1.3. After the resuhs of this paper were established, a very interesting paper 
by Roger Bielawski and Victor Pidstrygach appeared in [T] proving similar results. The 
arguments are completely different, and the proofs were formed independently. In [1], 
the authors define an action of A on the space of rational maps of fixed degree from 
the Riemann sphere into the flag manifold for GL{n + 1) and use symplectic reduction 
to obtain results about the strongly regular set. They also show that there are 2^»=i 
A-orbits in Qi{n)^J''^^, c as in Theorem II. 2[ Our work differs from that of fT] in that we 
explicitly list the A-orbits in ^[(n)^''^^ and obtain an algebraic action of Zi x ■ ■ ■ x Zn-i on 
Ql{n)f'^^ whose orbits are the same as those of A. In spite of the relation between these 
papers, we feel that our paper provides a different and more precise perspective on the 
problem and deserves a place in the literature. 

The nilfibre Qi{n)o = $~^(0) contains some of the most interesting structure in regards 
to the action of A. The fibre 0[(n)o has been studied extensively by Lie theorists and 
numerical linear algebraists. Parlett and Strang [12] have studied matrices in 0l(n)o and 
have obtained interesting results. Ovsienko [TT] has also studied 0[(n)o, and has shown 
that it is a complete intersection. It turns out that the A-orbits in g 1(72)0''^^ correspond 
to 2^~^ Borel subalgebras of Ql{n). The main results are contained in Theorems 15.21 and 
15. 5[ We combine them into one single statement here. 

Theorem 1.4. The nilfibre QllnYJ'^^ contains 2^~^ A-orbits. For x G Ql{n)Q'^^ , let A - x 
denote the Zariski (=Hausdorff) closure of A ■ x. Then A ■ x is a nilradical of a Borel 
subalgebra in Ql{n) that contains the standard Cartan subalgebra of diagonal matrices. 

The nilradicals obtained as closures of v4-orbits in Ql{n)Q^'^^ are described explicitly 
in Theorem 15. 5[ We also describe the permutations that conjugate the strictly lower 
triangular matrices into each of these 2"~^ nilradicals in Theorem 15. 7[ 

Theorem 11.21 lets us identify exactly where the action of the group A is transitive on 
0[(n)f^^. (See Corollary [5ll3] and Remark EJlD. 

Corollary 1.5. The action of A is transitive on gi{n)l^'^^ if and only if Pci(^) and 

n(n + l) 

are relatively prime for each i, 1 < i < n — 1. Moreover, for such c G C 2 we have 
g[(n), = g[(n)r^. 

This corollary allows us to identify the maximal subset of 0l(n) on which the action of 
A is transitive on the fibres of the map $ in (11. ip over this set. The set Ql{n)^ is a proper 
open subset of this maximal set. This is discussed in detail in section [531 
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2. The Group A 



I) 



on gl{n) 



We briefly discuss the construction of an analytic action of a group A ~ 
that appears in [9] (see also [3]). 

We view gl{n)* as a Poisson manifold with the Lie-Poisson structure (see [H], [2]). 
Recall that the Lie Poisson structure is the unique Poisson structure on the symmetric 
algebra S{Ql{n)) = C[gl(n)*] such that if x, y E S^{Ql{n)), then their Poisson bracket 
{x, y} = [x, y] is their Lie bracket. We use the trace form to transfer the Poisson structure 
from Ql{n)* to Ql{n). For i < n, we can view g[(i) ^ flK'^) ^ subalgebra, simply by 
embedding an i x z matrix in the top left-hand corner of an n x n matrix. 



f2.11 



Y 



Y 




We also have a corresponding embedding of the adjoint groups GL{i) ^ GL{n) 
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9 
Id„. 



For the purposes of this paper, we always think of gl(z) ^ Ql{n) and GL{i) ^ GL{n) via 
these embeddings, unless otherwise stated. 

We can use the embedding ( 12.11) to realize as a summand of g[(n). Indeed, we 
have 



(2.2) 



where denotes the orthogonal complement of in Ql{n) with respect to the trace 

form. It is convenient for us to have a coordinate description of this decomposition. We 
make the following definition. 

Definition 2.1. For x G Q\.{n), we let Xi G be the top left-hand corner of x, i.e. 
{xi)k I = Xk I ioT 1 < k,l < i. We refer to Xi as the i x i cutoff of x. 



Given a y G gl{n) its decomposition in (12.21) is written y = yi® y^ where y^ denotes 
the entries yk^i where I are not both in the set {1, ■ ■ ■ , z}. Using the decomposition in 
(12. 2p . we can think of the polynomials on 0l(«), P(0[(«)), as a Poisson subalgebra of the 
polynomials on 0[(n), F(g[(n)). Explicitly, if / G P{Q[{i)), (12.21) gives f{x) = f{xi) for 
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X G 0[(n). The Poisson structure on P{Q[{i)) inherited from P[Q[[n)) agrees with the 
Lie-Poisson structure on P(g[(z)) (see [S], pg. 330). 

Since is a Poisson manifold, we have the notion of a Hamiltonian vector field 
for any holomorphic function / G If G 0{Ql{n)), then if{g) = {f,g}- The 

group A is defined as the simply connected, complex Lie group that corresponds to a 
certain Lie algebra of Hamiltonian vector fields on gi{n). To define this Lie algebra of 
vector fields, we consider the subalgebra of F(g[(n)) generated by the adjoint invariant 
polynomials for each of the subalgebras 1 < i < n. 

(2.3) AdKn)) = P{dl{l)f''^'^ ® • • ■ ® P(0l(n))^^("). 

This algebra may be viewed as a classical analogue of the Gelfand-Zeitlin subalgebra of the 
universal enveloping algebra U{Ql{n)) (see [3]). As P{Ql{i))'^^^^^ is in the Poisson centre 
of F(g[(i)), it is easy to see that J(gl(n)) is Poisson commutative. (See Proposition 2.1 
in [9].) Let , generate the ring P{Ql{i))^^^^\ Then J(0[(n)) is generated by 

■ ■ ■ ) < < IT'}- Note that the sum 

^ . ri(n — 1) / n 

^ ~ 2 ~ I 2 

1=1 ^ 

is half the dimension of a regular adjoint orbit in gl{n). We will see shortly that the 
functions • ■ ■ , < z < n — 1} form a completely integrable system on a regular 
adjoint orbit. 

The surprising fact about this integrable system proven by Kostant and Wallach in [9] 
is that the corresponding Hamiltonian vector fields {^/^^l l<i<^, 1<^<?t. — 1} 
are complete (see Theorem 3.5 in [9]). Let fij = tr{xl) and let a = {'C/,,^ 1 < i < "^5 
1 < i < n — 1}. We define A as the simply connected, complex Lie group corresponding to 
the Lie algebra a. Since the vector fields ^f^. commute for all i and j, the corresponding 

(global) flows define a global action of c(2) on Q[{n). A ~ , and it acts on Q[{n) by 
composing these flows in any order. The action of A also preserves adjoint orbits. (See 
[9], Theorems 3.3, 3.4.) 

The action of A ~ C^^) may seem at first glance to be non-canonical as choices are 

involved in its definition. However, one can show that the orbit structure of given 
by integrating the complete vector fields 1^/.^. is independent of the choice of generators 
fij for F(0[(i))^^«. (See Theorem 3.5 in Pj.) Since we are interested in studying the 
geometry of these orbits, we lose no information by fixing a choice of generators. 

Remark 2.2. Using the Gelfand-Zeitlin algebra for complex orthogonal Lie algebras 
so(n), we can define an analogous group, C'' where d is half the dimension of a regular 
adjoint orbit in fio(n). The construction of the group and the study of its orbit structure 
on certain regular semisimple elements of so{n) is discussed in detail in [5]. 

For our choice of generators, we can write down the Hamiltonian vector fields ^f^. 
in coordinates and their corresponding global fiows. To do this, we use the following 
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notation. Given x, z G Qlin), we denote the directional derivative in the direction of z 
evaluated at x hj d^. Its action on function on a holomorphic function / is 

(2.4) d:f = j^\t=ofix + tz). 
By Theorem 2.12 in [9] 

(2.5) (e/,J. = 5[^-^^^•l. 

We see that ^f^. integrates to an action of C on Ql{n) given by 

(2.6) Ad(exp(tjxj"^)) ■ x 
for t G C, where x° = Idi G gl{i). 

Remark 2.3. The orbits of A are the composition of the (commuting) flows in (12. 6p for 
l<z<n — 1, l<j<iin any order acting on x G Ql{n). It is easy to see using (12.61) 
that the action of A stabilizes adjoint orbits. 

Equation (12.51) gives us a convenient description of the tangent space to the action of A 
on 0[(n). We first need some notation. If x G Ql{n), let Z^. be the associative subalgebra 
of generated by the elements Idi, Xi, xj, - ■ ■ , x*~^. We then let = Yl^=i ^Xi- Let 
X G Ql{n) and let ^4 ■ x denote its y4-orbit. Then equation (12.51) gives us 

T,{A ■ x) = span{{^fj,\l <i<n-l,l<j<i} = span{di''''^\z G Z,}. 

Following the notation in |9j, we denote 

(2.7) V, := span{dt^^\z G = T^{A ■ x) C r,(0[(n)). 

Our work focuses on orbits of A of maximal dimension (2); such orbits form La- 
grangian submanifolds of regular adjoint orbits. (If such orbits exist, they are the leaves 
of a maximal dimension of the Gelfand-Zeitlin integrable system.) Accordingly, we make 
the following theorem-definition. (See Theorem 2.7 and Remark 2.8 in [9J). 

Theorem-Definition 2.4. x G Qiin) is called strongly regular if and only if the differ- 
entials {{dfij)x\l '^i'^n,l<i<i} are linearly independent at x. Equivalently, x is 
strongly regular if the A-orbit of x, A ■ x has dim(yl ■ x) = (2) . We denote the set of 
strongly regular elements of Ql{n) by Ql{nY^'^^. 

The goal of the paper is to determine the ^-orbit structure of gl(n)*''^^. In [9], Kostant 
and Wallach produce strongly regular elements using the map $ : Ql{n) - 



n(n + l) 



(2.8) <l>(x) = {pi,l{Xi),P2,l{x2),- ■ ■ ,Pn,n{^))^ 

where pij{xi) is the coefficient of in the characteristic polynomial of Xj. 

One of the major results in [9] is the following theorem concerning $. (See Theorem 
2.3 in [9j.) 
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Theorem 2.5. Let b C Qi{n) denote the standard Borel subalgebra of upper triangular 
matrices in Ql{n) . Let f be the sum of the negative simple root vectors. Then the restriction 
of $ to the affine variety / + b is an algebraic isomorphism. 

We will refer to the elements of / + b as Hessenberg matrices. They are matrices of the 
form 



" an 


ai2 • • 


■ Oln-l 


O-ln 


1 




• Oj2n-l 


02n 





1 ■■ 


■ OSn-l 







•• 


1 





Note that Theorem 12.51 implies that if a; G / + b, then the differentials {{dpi^j)x\^ < < 
n, 1 < j < i} are linearly independent. The sets of functions ^ i n, 1 < j < i} 

and < i ^ n, 1 < j < i} both generate the classical analogue of the Gelfand-Zeitlin 

algebra J{Ql{n)) (see (12.31) ). It follows that for any x G Ql{n), span{{dfij)x\l < i ^ n, 1 < 
j < i} = span{{dpij)x\^ ^ i ^ ri, 1 < j < i} hj the Leibniz rule. Theorem 12.51 then 
implies 

/ + b C gl{ny^'^^ and therefore ^[(n)''^^^ is a non-empty Zariski open subset of 0[(n). 
Thus, the functions 

^ i n, I < j < i} are algebraically independent. 

n(n-f-l) 

Fore = (ci, C2, ■ ■ ■ , c„) G CxC^x - ■ -xC" = we denote the fibre $"^(c) = 0l(n)c, 

$ as in (12.81) . For Cj G C*, we define a monic polynomial Pai^) with coefficients given 
by Ci as in ( \1.2\\ . x G Ql{n)c if and only if Xi has characteristic polynomial Pait) for 

n(n + l) 

all z . Theorem 12.51 says that for any c G C 2 , 0l(n)c is non-empty and contains a 
unique Hessenberg matrix. We denote the strongly regular elements of the fibre 0[(n)c, 
by 0[(n)f'=9 that is 

g[(n)f^f = 0[(n),ng[(n)^'^^5. 
Since Hessenberg matrices are strongly regular, we get 

gl{n)f'^^ is a non-empty Zariski open subset of gl{n)c 

n(n + l) 

for any c G C 2 . 

Theorem 12.51 implies that every regular adjoint orbit contains strongly regular elements. 
This follows from the fact that a regular adjoint orbit contains a companion matrix, which 
is Hessenberg. We can then use y4-orbits of dimension (2) to construct polarizations of 
dense, open submanifolds of regular adjoint orbits. Hence, the Gelfand-Zeitlin system is 
completely integrable on each regular adjoint orbit (Theorem 3.36 in [9]). 

Our goal is to give a complete description of the A-orbit structure of gl{nY^'^^. It follows 
from the Poisson commutativity of the algebra J{Ql{n)) in (12.31) that the fibres Ql{n)c are 
y4-stable. Whence, the fibres gl{n)f^^ are y4-stable. Moreover, Theorem 3.12 in [9J implies 
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that the A-orbits in Qi[n)^'^^3 are the irreducible components of the fibres g[(n)^^*^^. From 
this it follows that 

there are only finitely many A-orbits in the fibre QiinYJ"^^ . 

In this paper, we describe the A-orbit structure of an arbitrary fibre gl{n)l^'^^ and count 
the exact number of A-orbits in the fibre. This gives a complete description of the y4-orbit 
structure of gl^ny^^^. 

Remark 2.6. Note that the collection of fibres of the map $ is the same as the collection 
of fibres of the moment map for the A-action x — >• /2, 1(3^2)1 ■ ■ ■ , fn,n{x)). Thus, 

studying the action of A on the fibres of $ is essentially studying the action of A on the 
fibres of the corresponding moment map. We use the map $ instead of the moment map, 
since it is easier to describe the fibres of 

For our purposes, it is convenient to have a more concrete characterization of strongly 
regular elements. (See Theorem 2.14 in [9].) 

Proposition 2.7. Let x G Qi{n) and let 3g[(j)(a^j) denote the centralizer in g[(i) of Xi. 
Then x is strongly regular if and only if the following two conditions hold. 

(a) Xi G Ql{i) is regular for all i, 1 < i < n. 

(b) ^s^i^-l){xi-l) n 3g((i)(a^*) = for all 2 < i < n. 

3. The action of A on generic matrices 

For X G let a{x) denote the spectrum of x, where x is viewed as an element of 

Ql{i). We consider the following Zariski open subset of regular semisimple elements of 

(3.1) gl{n)n = {x G Ql{n) \ Xi is regular semisimple, a{xi-i) fl cr(xj) = 0, 2 < z < n}. 

Kostant and Wallach give a complete description of the action of A on Ql{n)n- We give 
an example of a matrix in 01(3)q. 

Example 3.1. Consider the matrix in gl{3) 



X 



1 2 16 
10 4 
1 -3 



We can compute that X has eigenvalues cx{X) = {—3, 3, —2} so that X is regular semisim- 
ple and that ^(Xa) = {2, -1}. Clearly a(Xi) = {1}. Thus X G 0[(3)q. 

We recall the notational convention introduced in (11. 2p . (If Cj = {zi, Z2, - ■ ■ , Zi) G C\ 

n(n + l) 

then Pc,(t) = zi + Z2t + ■ ■ ■ + Zif~ + f.) Let Qn C C 2 be the Zariski open subset 

ii(n + l) 

consisting of c G C 2 with c = (ci, ■ • • , Q, ■ ■ ■ ,Cn) such that PcX^) has distinct roots 
and Pci{t) and Pc,+j^{t) have no roots in common (remark 2.16 in [9]). It is easy to see that 
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Kostant and Wallach describe the A-orbit structure on Qi{n)Q in Theorems 3.23 and 
3.28 in [5]. We summarize the resuhs of both of these theorems in one statement below. 



Theorem 3.2. The elements of gl{n)Q are strongly regular. If c E Q,,, 
g[(n)^''^^ is precisely one orbit under the action of the group A. Moreover, Q[{n 

homogeneous space for a free, algebraic action of the torus (C 



then gl{n)c = 
c is a 



We sketch the ideas behind one possible proof of Theorem 13.21 in the case of gl(3). For 
complete proofs and a more thorough explanation, see either ^ or 

For X G 0l(3) its A-orbit is 











Z2 




(3.2) 


Ad ^ 


1 

1 




Zl 

1 





exp(t2;2) 



where ^i, 2:2 G and t G C. (See equation (12. 6p .) 

If we let Zi C GL{i) be the centralizer of Xi in GL{i), we notice from (13.21) the action of 
A appears to push down to an action of Zi x Z2. For x G Ql{3)n, we should then expect 
to see an action of (C^)^ as realizing the action of A. 

Working directly from the definition of the action of A in (13. 2p is cumbersome. The 
action of Z2 on X2 for would be much easier to write down if X2 were diagonal. For 
X G 0t(3)n, X2 is not diagonal, but it is diagonalizable. So, we first diagonalize X2 and 
then conjugate by the centralizer Z2 = (C^)^. If 7(x) G GL{2) is such (Ad(7(2;)) ■ x)2 is 
diagonal, then we can define an action of (C^)^ on 0[(3)c for c G ^3 by 







■4 


7(x)-i 


■4 






(3.3) 


(4)4,4) ■x = Ad^ 


1 


4 


7(2;) 


■ X 






1 




1 







with G C^. 

We can show (13. 3p is a simply transitive algebraic group action on gl(3)c by explicit 
computation. Comparing (13. 3p and (13.20 . it is not hard to believe that the action of (C^)^ 
in (13.30 has the same orbits as the action of A on gl(3)c. To prove this precisely, one needs 
to see that gl{3)f'^^ = qI{3)c- This can be proven by computing the tangent space to the 
action of (C^)^ in (13. 3p and showing that it is same as the subspace Vx in (12. 7p . or by 
appealing to Theorem 2.17 in [9]. The fact that g[(3)c is one A-orbit then follows easily 
by applying Theorem 3.12 in [9]. 

This line of argument is not the one used in [9] to prove Theorem 13.21 The ideas here go 
back to a preliminary approach by Kostant and Wallach. However, it is this method that 
generalizes to describe all orbits of A in gl{n)^^'^^. We describe the general construction 
in the next section. 
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4. Constructing non-generic A-orbits 



4.1. Overview. In the next three sections, we classify A-orbits in g[(n)*'~^^ by determining 
the A-orbit structure of an arbitrary fibre gl{nYJ'^^. Let q G C* and Pait) = {t — 
Ai)"^ • ■ ■ (t - Ar)"'' with Xj ^ Afc for j k (see [T72|) . To study the action of A on s[(n)c 



with c = (ci, ■ ■ ■ , Q, Ci+i, ■ ■ ■ , c„) G 
elements of + 1) of the form 



X 



X e X C^+i X ■ ■ ■ X 



n(n + l) 



we consider 



(4.1) 



Ai 1 
Ai 

••• 







■. 1 
• Ai 



^1,1 



A, 
■■• 

ZrA ■ ■ ■ 



Ar 



yi,i 



yr,i 



yr,nr 
W 



with characteristic polynomial Pci+^{t)- 

To avoid ambiguity, it is necessary to order the Jordan blocks of the z x z cutoff of 
the matrix in (14. ID . To do this, we introduce a lexicographical ordering on C defined as 
follows. Let zi, Z2 E C, we say that zi > Z2 if and only if Rezi > Rez2 or if Rezi = Rez2, 
then Imzi > Imz2. 

Definition 4.1. Let a G C be such that pc,{t) = (t-Xi)''^ ■ ■ ■ (t- A^)"-- with A^ ^ \k (as 
in (11. 2p ) and let Ai > A2 > ■ ■ ■ > A^ in the lexicographical ordering on C. For Cj+i G C*"^^, 
we define S*. as the set of elements x G + 1) of the form (14.11) whose characteristic 
polynomial is pc^_^_J^{t). We refer to S*.^^^^^ as the solution variety at level i. 



We know from Theorem 12.51 that . ^.^^ is non-empty for any q G C* and any q+i G 
C*"*"^. Let us denote the regular Jordan form which is the i x i cutoff of the matrix in 
(14. ip by J. Let Zi denote the centralizer of J in GL{i). As J is regular, Zi is a connected, 
abelian algebraic group (see Proposition 14 in [8]). Zi acts algebraically on the solution 
variety S*. ^.^^ by conjugation. In the remainder of section HI we give a bijection between 



v4-orbits in Ql{n)^'~^^ and free Zi x ■ ■ ■ x orbits on 



■^1 



Cl,C2 



■ X 



:n-i 



. In Section [5l 



n{n + l) 
2 



we will classify the Zj-orbits on .^.^^ using combinatorial data of the tuple c G C 
We will then have a complete picture of the A action on gl{n)f'^^. 

We now give a brief outline of the construction, which gives the bijection between A 



orbits in Ql{n)f'^^ and Zi x ■ ■ ■ x Z„_i orbits in 



X ■ ■ ■ X 



z:n-i 



This construction not 
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only describes y4-orbits in gl^nYj''^^, but all A-orbits in the larger set 0[(n)cnS', where S is 
the Zariski open subset of Qi{n) consisting of elements x whose cutoffs Xi for 1 < i < n — 1 
are regular. We know by Proposition 12.71 (a) that gl^nyj'^^ C gl{n)c fl 5", and it is in 
general a proper subset. (See Example 15.41 below.) 

The construction proceeds as follows. For l<i<n — 2,we choose a Zj-orbit (9^. G 
■^ci.ci+i consisting of regular elements of g[(z + 1). For z = n — 1, we choose any orbit 
of Zn-i in „ . Then we define a morphism 

by 

(4.2) r^i''^^'- '""-1 (xi, ■ ■ ■ , a;„_i) = Ad((7i,2(xi)-i^2,3(a;2)"' • ■ ■ ^„-2,n-i(x„-2)"')x„_i. 

where gi^i+i{xi) conjugates Xi into Jordan canonical form (with eigenvalues in descreasing 
lexicographical order). We denote the image of the morphism Y'^^'"-^' " by /mF^^'"^'"' 

Theorem 4.2. Every A-orbit in Ql{n)cr\S is of the form JmT'^^'"''^''" for some choice 
of orbits (9^. C S*. ^.^^ with O^. consisting of regular elements of Ql{i+1) for 1 < i < n—2. 

In section |473| we prove Theorem 14.21 for A-orbits in g[(n)^''^^ (see Theorem 14.91) . In 
section l44l we establish the results needed to prove Thoerem 14.21 for gl(n)c H S. 

4.2. Definition and properties of the rj^i."2, Qn-i maps. We first define the map 
pai,a2,- ■ ,a,i-i Q^jy f^j. ^.-orbits C^, C S*,^^,^^ ou which Zi acts freely. To define the map 
pai,a2,- - ,an-i^ must define a morphism Ol^. — > GL{i+l) which sends y — >■ gi^i^i{y), where 
9i,i+i{y) conjugates y into Jordan form with eigenvalues in decreasing lexicographical 
order. Since acts freely on (9^. , we can identify C^. ~ Zi as algebraic varieties. Let x^. 
be an arbitrary choice of base point for the orbit C^. , i.e. O^. = Ad(Zj) ■ Xa^- We choose 
an element (yfj^j+i(xaj G GL{i + 1) that conjugates the base point Xq. into Jordan form 
(with eigenvalues in decreasing lexicographical order). For y = Ad(A;j) ■ Xai, with ki G Zi, 
we define 

(4.3) gi,i+i{y) = gi,i+i{xa,)K^ . 

For each choice of orbit Ol C S* for 1 < i < n—1, we define a morphism FJJ^'"^' " ''^"-^ : 

Zi X ■ ■ ■ X ^ 0[(n), 

(4.4) 

r^i'''''''"-i(fcl,--- ,A;„_i) = Ad(A;i5(i,2(Xai) ^k2g2,3{^a2) ^ ■ ■ ■ kn~29n-2,n~l{Xa„-2) ^^n-l)Xa„. 

We want to give a more intrinsic characterization of the image of the morphism F^^'^^'"' 
Proposition 4.3. The set /mFJ^^'^^'- '""-i c Qi{n)c fl 5" and is equal to 
(4.5) JmF^i''^^' -'"-! = {xe 0[(n)| G Ad{GL{i)) ■ x^,, for all 1 < i < n - 1}. 
r/ins, /j77,r^i'°'2,--- Q quasi-affine subvariety of gl{n). 

The following simple observation is useful in proving Proposition 14. 3[ 
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Remark 4.4. Let x G gl{n)c fl S, and suppose that g G GL{i) is such that Ad((7) ■ x = 
Ad(5f) ■ Xi is in Jordan canonical form with eigenvalues in decreasing lexicographical order 
for 1 < i < n - 1. Then [Ad(^) ■ x]i+i = Ad{g) ■ Xi+i G '^l^^a+i- 

Proof of Proposition \4.3\ For ease of notation, let us denote the set on the RHS of (14.51) 
by T. We note T C ^[(n)^ n S. Indeed, let Y e T. Then Yi+i G Ad{GL{i)) ■ Xa, for 
1 < i < n — 1. Since Xq- G S*. l^+i has characteristic polynomial Pa+iit). Also note 
that for 1 < i < n — 2, x^- is regular, and hence l^+i is regular for 1 < i < n — 2. Lastly, 
using the fact that ki G GL{1) = Zi centralizes the (1, 1) entry of Xa^ G it follows 

that the (1, 1) entry of Y is given by Ci G C. 

The inclusion /mF^^''^^,-- ,an-i c T is clear from the definition of F^^''^^,-- ,a.n-i (jOj). To 
see the opposite inclusion we use induction. Let y E T. Then y2 G Ad(G'L(l)) ■ Xa-^ = 0\^, 
since Zi = GL{1). Thus, there exists a fci G 2'i such that y2 = Ad(A;i) • Xa^. It follows 
that 

Z2 = [Ad(^i,2(xaJ)Ad(A:r^) ■ y]s = [Ad{gi,2{xa,))Ad{k^') ■ ys] G 3%^,^. 

But ys G Ad(G'L(2)) ■ Xaa, so that Z2 G S^^.cg Ad(GL(2)) ■ Xa-,. From which it follows 
easily that Z2 G O^,^. Thus, there exists a A;2 G such that 

[Ad(^2,3(a;aJ)Ad(fc2-i)Ad(^i,2(x,J)Ad(A;r^) ■ y], e E%^^^. 

This completes the first two steps of the induction. We now assume that there exist 
ki, - ■ ■ , kj_i G Zi, ■ ■ ■ , Zj^i, respectively such that 

(4.6) = [Ad(<7,_i,,(x,^_ J)Ad(fc7_\) . . . Ad(^i,2(x,J)Ad(fcri) ■ y],^, G S^,^,,^.^^. 

Since yj+i G Ad(G'L(j)) ■ x^^. , it follows that Zj G EP^^^^.^^ fl Ad(G'L(j)) ■ Xa^. As above, it 
follows that Zj G Oi^. , so that there exists an element kj G Kj such that 

[Ad(^,,+i(x,J)Ad(fc7i)Ad((7,_i,(x,^.J)Ad(fc7_\) . . . Ad(^7i,2(x.J)Ad(fcr')-2/].+2 G 2^+^,., 

We have made use of Remark 14.41 throughout . By induction, we conclude that there exist 
ki, - ■ ■ , kn-i G Zi, - ■ ■ , Zn-i respectively so that 

x„„_, = Ad(A;-^i)Ad((7,„2,n-i(2:a„_i))Ad(A;-i2) " ■ ■ Ad((7i,2(x,J)Ad(A;ri) ■ y. 

From which it follows that y = V^^'"' '"-''-^{ki, ■ ■ ■ , fc„_i). 

To see the final statement of the proposition, we observe T is a Zariski locally closed 
subset of gl{n). Indeed, the set Ui = {x|xi+i G Ad{GL{i)) ■ Xa^} is locally closed, since it 
is the preimage of the orbit Ad(G'L(z)) ■ Xq- C Qi{i + 1) under the projection morphism 
7rj_|_i(x) = Xj_|_i. The set T = [/i fl ■ ■ ■ fl t/^-i is locally closed. 

Q.E.D. 

Remark 4.5. From Proposition 14.31 it follows that the set /mF"^''^^' "'""-! depends only 
on the orbits (9^. for 1 < i < n — 1, and is thus independent of the choices involved in 
defining the map rai.a2, -,an-i f|4.4|) . 
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4.3. r^i'"2''" and A-orbits in Q[{n)^J^^. In this section, we show that the image of 
the morphism r^^'^^'"' '"^"-^ is an A-orbit in gl(n)^^'^^. The first step is to see ImF^^''^^. -- .in-i 
is smooth variety. 

Theorem 4.6. The morphism 

is an isomorphism onto its image. Hence, JmT'^^'"'^''" '"-"-^ is a smooth, irreducible subva- 
riety of gl{n) of dimension Q) • 

Proof. We exphcitly construct an inverse \l/ to F^^'^^' " ''^"-^ and show that \1/ : ImV^^'"-^'"' 
Zi X ■ ■ ■ X Zn-i is a morphism. Specifically, we show that there exist morphisms ■0, : 
/mF^^'"^''' '"""^ —* Zi for l<2<n — Iso that the morphism 

(4.7) ^ = (^1, ■ ■ ■ : JmF^^''^^'-'""- ^ Z^ x ■ ■ ■ x 

is an inverse to pj^^'"^' "''^""^. The morphisms '0j are constructed inductively. 

Given y G JmT'^^''^^'- '"^'-^ y2 G O^^ C Hj^^^^ by Proposition |43l Thus, 2/2 = Ad(/i;i)-Xa, 
for a unique fci in Zi. The map (9^^ — > given by Ad{ki) ■ k\ is an isomorphism 

of smooth affine varieties. Hence, the map '0i(y) = fci is a morphism. 

Arguing as in the proof of Proposition 14.31 suppose that we have defined morphisms 
with -^j : /777,rai,«2,---,a„_i _^ 2n for 1 < i < j — 1. Then the function 
j^pai,a2,--,an-i _^ Qj^^ givcu by cquatiou fl4.6l) . 

y ^ [Ad((7,-_ij(x,^_J)Ad(V^,_i(y)-^) ■ • • Ad(^i,2(x,J)Ad(V'i(2/)-^) • y],+i 

is a morphism. We can then define a morphism ifjj : /772r^i'"2' ■■ '<^n-i _ > given by 
i^jiy) — %5 where kj is the unique element of Zj such that 

(4.8) Ad(A:,)-a;a, = [Ad(^j_ij(xa^._ J)Ad(^/',_i(y)-i) ■ ■ • Ad(^i,2(xaJ)Ad(^/'i(?/)-^) • 
This completes the induction. 

Now, we need to see that the map \1/ is an inverse to r«i'"2,--,an-i_ 'jj-^g f^c^ ^j^at 
r^^'°-^'"' ''^"-^ {ipi{y) , ■ ■ ■ , '0„_i(y)) = y follows exactly as in the proof of the inclusion T C 

J^pai,a2, -.an-i PropOSitioU S^l 

Finally, we show that ^(F^i'^^-- '«"-i(A;i, ■ ■ ■ ,A;„_i)) = {ki,--- ,kn-i). We make the 
following observation. Consider the element 

The (i + 1) X (j + 1) cutoff of this element is equal to kj ■ Xay Using this fact with j = 1, 
we have V'i(?/) = ^i- Assume that we have 'ip2{y) = ki, - ■ ■ , ipiiu) = h for 2 < I < j — 1. 
Using the definition of ipj in (14. 8p . we obtain 

Ad{i)j{y))-Xa^ = [Ad{kj)Ad{gjj+i{Xa^)~'^ ■ ■ ■ gn~2,n-liXa„_2)~^kn-l)Xa^_^]j+l = Ad{kj)-Xay 

Thus, by induction \I' o r«i.a2, ■■ ,an-i _ Hence, \l/ is a regular inverse to the map 
-pai,a2,- - ,a„_i ^ jg isomorphism of varieties. 
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Q.E.D. 

/mr^^'"^'"' '""-^ is a smooth, irreducible quasi-affine subvariety of 0t(n). Thus, ImT'^^'"'^''" 
has the structure of a connected analytic submanifold of Qi{n), and r^i'"^' " ■'^"-i is an an- 
alytic isomorphism. We now show that the action of the analytic group A preserves the 
submanifold /mr;^!'"^' - 

Proposition 4.7. The action of A on gl{n) preserves the submanifolds JmT'^^'"'^''" '""^-^ . 

Proof. We recall that the action of A on Ql{n) is given by the composition of the flows 
in fl2.6p in any order. (See Remark 12.31 ) Thus, to see that the action of A preserves 
Jmr^i'"^' " '"^"-i it suffices to see that the action of C in fl2.6p preserves JmF^^''^^''" ''^"-^ for 
any 1 < i < n—1 and any 1 < j < i. This can be seen easily using Proposition l4.3[ Indeed, 
suppose that x G JmT'^^'"-^''" ''^"-^ . Then by Proposition 14.31 Xk+i G Ad(G'L(A;)) ■ for 
any 1 < k < n — 1. Now we consider Ad(exp(tjx]~ )) • x as in (12. 6p with t G C fixed. For 
ease of notation let h = exp(tjx|~^) G GL{i). We claim (Ad(/i) ■ x)k+i G K(l{GL{k)) ■ Xa^ 
for 1 < A; < n — 1. We consider two cases. Suppose k > i and consider (Ad(/i) • x)k+i- We 
have (Ad(/i) ■ x)k^i = Ad{h) ■ Xk+i- But x^+i G Ad(G'L(A;)) ■ Xa^, so that Ad(/i) ■ Xk+i G 
Ad(G'L(A;)) • x^^, as GL{i) C GL(k). Next, we suppose that k < i, so that k + 1 < i. 
Since h G GL{i) centralizes Xi, 

(Ad(/i)x)fe+i = {Ad{h){xi))k+i = ixi)k+i = x^+i G Ad(G'L(A;)) ■ x^^. 

By Proposition 14.31 Ad(h) ■ x G JrnT'^^'"'^''" '"""-^ . This completes the proof. 

Q.E.D. 

Before stating the main theorem of this section, we need to state a technical result about 
the action of Zi on the solution varieties S*^ This result will be proven independently 
of the following theorem in section 14.41 

Lemma 4.8. For x G H*. the isotropy group of x under the action of Zi, Stab{x), is 
a connected algebraic group. 

Thus, given an orbit of Zi, O C El „ 
(4.9) dim(O) = z if and only if Zi acts freely on O. 

We are now ready to prove the main theorem of this section. 

Theorem 4.9. The submanifold JuiT^^'""^'"' '"""-^ C gl{n)c H S is a single A-orbit in 
gl{n)f'^^. Moreover every A-orbit in gl{n)^J^^ is of the form JmT'^^'"'^' ''"'"-^ for some 
choice of free Zi-orbits O*^ C 2*.^^.^^ with 0\. C g[{i + lY'^^ , for 1 < i < n — 1. 

Proof. First, we show that /TT^r^i'^^-- - '"^i-i is an A-orbit. For this, we need to describe 
the tangent space Ty(Jmr^i'''2'-'«"-i) = (rfP^^''^'^'- '""-i)^, where k = {ki,--- , A;„_i) G 
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Zi X ■ ■ • X Zn-\ and y = T^^'"-'^'"' '"-"'^{k). Let {an, ■ ■ ■ , an} be a basis for Lie{Zi) = 3^. 

Working analytically, we compute 

(4.10) 

for I < j < i. Using the definition of the morphism r^^'''^' -- '""-1 the RHS of (14. 101) 

becomes 

(4.11) 

— \t=oAd{kigi^2{Xai)~^ ■ ■ ■ kiexp{taij)gi^i+i{Xa,)~^ ■ ■ ■ kn-2gn-2,n-l{Xa„_^)~^kn-l)Xa^_-,. 

Let 

(4.12) k = kigi^2{Xa^Y^ ■■■h and let hi = giA+l{XaJ~^ ■ ■ ■ kn-2gn-2,n-l{Xa^.2)~^K-l- 

Then we can write (14.1 ip as 

d 

— \t=oAd{liexp{taij)hi) ■ Xa„_i, 

which has differential 

(4.13) ad(Ad(/i) ■ aij) ■ {Ad{khi) ■ Xa„_J. 

By definition of the element k G GL{i), the i x i cutoff of Ad(/j"^) • y = Ad(/j"^) ■ yi is in 
Jordan form (with eigenvalues in decreasing lexicographical order). Hence elements of the 
form Ad(/j) ■ aij = for 1 < j < i form a basis for 3g[(i)(?/i). Since Ad{lihi) ■ Xa„_^ = y, 
(1133]) implies the image of diV^^'"^' ''""-^),^ is 
(4.14) 

Jm(dr^i'"2'-'°"-i)fc = span{d^^^'^'y\ I < i < n - 1,1 < j < i} = TyilmTl''"^'- 

We recall equation (12.71) . 

Ty{A ■ y) = spanid'^^'y^z E Zy} := Vy. 

Now, y G JmL^^''^^' " '"""^ has the property that yi is regular for all i < n — 1, so that 
3g[(j)(2/i) has basis {Idi,yi, ■ ■ ■ ,yl~^} (see [H], pg 382). Thus, 

(4.15) TyilmT^^"''''- = span{dl''y^\z G Zy} = Vy. 
Equation (14.151) gives 

(4.16) dim Vy = dim( A • y) = 

which implies /j77,r^i'"2. ■■ ,an-i q gl(n)f''^^. By Proposition 14.7] A acts on /777,rj^i.«2, -- 
We claim that the action of A is transitive on ImT'^^'"'^''" '"""-^ . Indeed, given an A-orbit 
A ■ y with y G ImT^^'"-^'"' '"-"-^ , A ■ y C [uiT^^'"-'^''" '"-"-^ is a submanifold of the same 
dimension as JmT'^^'"''^''" '"""-^ by (I4.16p . and thus must be open. The action of A is then 
clearly transitive on ImT'^^'"'^''" '""^-^ , as JuiT'^^'"''^''" '"""-^ is connected. 
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We now show that every A-orbit in g[(n)^''^^ is obtained in this manner. For x G 
g[{n)f^^, by part (a) of Proposition 12.71 and Remark 14.41 there exists a matrix gi G GL{i) 
such that Zi = Ad{gi) ■ Xi+i G H*. ^.^^ and zi is regular for each 1 < i < n — 1. Thus 
Zi G O^., with O^. an orbit of in S*.^^.^^ consisting of regular elements of + 1). 
We claim that Zi must act freely on C^. . We suppose to the contrary that Stab{xai) is 
non-trivial. Lemma gives that dim{Stab{xaJ) > 1- But, this implies dim{ZGL{i){xi) fl 
ZGL{i+i){xi+i)) > 1, contradicting part (b) of Proposition I^Tl By Proposition 14 31 x G 
/mr^^'"^' " '"^""^ for some choice of free Zj-orbits (9^. C S*^ This completes the proof 
of the theorem. 

Q.E.D. 

Remark 4.10. Let ,an-i defined using Z^orbits, O^^ and let Yflf'"'"'^' be 

defined using Zj-orbits 0~ = Ad(Zj) ■ x^., where for some i, 1 < i < n — 1, 0\. fl (9~ = 0. 
Then it follows from Proposition S^] that the A-orbits JmP^i-''^, - ^-^^ ImTl'zf'"' 

are distinct. Indeed, suppose to the contrary that y G jfriV^^'"-^'"' '"■''-^ fl /mF^^j"^'"' 
By Proposition 14.31 we have G Ad(G'L(i)) ■ x^- fl Ad{GL{i)) ■ x^--. This implies 
that there exists h G GL{i) such that Ad(/i) • x^. = x^-.. Since x^. , x^-. G the 
previous equation forces h E Z^, which implies C^. = 0~,, a contradiction. We have thus 
established a bijection between free Zi x ■ ■ ■ x Z„_i orbits on the product of solution 
varieties El^ ^x x E'^~\ ^ and A-orbits in gl(n)f' 

On the subvariety /mF"^' " we have a free and transitive algebraic action of the 
algebraic group Z = Zi x ■ ■ ■ x Zn-i- This action is defined by the following formula. 

(4.17) 

If (F^-'^--''^"-)-i(y) = ih, ■ ■ ■ , then {k[, ■ ■ ■ , k'^_,yy = T^^^'^^'- '^-^ {k[h, ■ ■ ■ , k'^_,kn-i). 

Remark 4.11. The action in (I4.17P is the generalization of the action of (C^)^ in (13.31) 
to the non-generic case. 

Thus, the A-orbit /mP^i'^'^'- ■ -""-i is the orbit of an algebraic group acting on a quasi- 
affine variety. We now show that Z = Zi x ■ ■ ■ x Z^-x acts algebraically on the fibre 
%\{n)^^^^ . By Theorem 3.12 in j;9| the A-orbits in g\{n)'^^^^ are the irreducible compo- 
nents of 0[(n)^^'^^. Since they are disjoint, these components are both open and closed in 
%\{n)^^^^ (in the Zariski topology on 0t(n)^^^^). Following we index these components 
by g[^7^(n) = A-x(z), with x{%) G g[(n)^^'^^. Now, we have morphisms : Z x gfj^^^n) — >• 
Q^J^^in) given by the action of Z on ImV^^'" '"-"-^ . The sets Z x QfJ^i^in) are (Zariski) 
open in the product Z x gl{nYJ^^ and are disjoint. Thus, the morphisms 0j glue to a 
unique morphism 

$ : Z X gl(n)r' ^ gl(n)r' such that $Ux0(--(n) = ^i- 

The morphism $ defines an algebraic action of the group Z on Ql{n)f'^^ whose orbits are 
the orbits of A in Q[{n)f^^. We have thus proven the following theorem. 



17 



Theorem 4.12. Let x G Qi{n)f^3 be arbitrary and let Zi be the centralizer in GL{i) of the 
Jordan form of Xi (with eigenvalues in decreasing lexicographical order). On the 
orbits of the group A are orbits of a free algebraic action of the connected abelian algebraic 
group Z = Zi X ■ ■ ■ X Zn-i- 

We end this section with a result that will be of great use in section [5] where we count 
the number of v4-orbits in the fibre gilnYf^^. 

It turns out that the condition in Theorem 14.91 that (9*^ C Ql{i + jg superfluous. 
Theorem 4.13. If O^^ C %,c,+i a free Zi-orbit, then O'l^ C Ql{i + 1^"^ . 

n(n + l) 

Proof. Let c = (ci, C2, ■ • • , Cj, Cj+i, ■ • • , c„) G C 2 ^ with Cj G C"* be given. By Theorem 
12.51 there is a unique upper Hessenberg matrix h G g[(n)^'~^^. This implies that for any j , 
1 < i < n — 1, there exists a Qj G GL{j) such that (Ad ((?-,•)■ G '^cj,cj+-i Remark l44l 
Thus, Kd{gj)-hjj^i G Zj-Xa^ = 0{. for some Xa^ G 'EP^.^^_.^^. But h G ^[(ra)'^^'^^ and therefore 
/ij+i is regular by part (a) of Proposition 12. 7[ which implies that 0{, C + 1)''^^ . Also, 
by part (b) of Proposition 12. 7[ Zj acts freely on (9^^ , as in the proof of the last statement 
of Theorem 14.91 Thus, for any J, 1 < J < — 1, there exists a free Zj-orbit in 
consisting of regular elements of gl(j + 1). 

Now, let 01 C be any free Zj-orbit. Now, we use the free Z,-orbit Oi C 

+ ly^d as above for I < j < i — 1 and (9^. to construct a morphism y'^^'"''^'"' : 
Zix ■■■ X Zi^ 0l(n)c n S. By Theorem iH imTi^'"^'"' C Ql{i + ly^!^. Proposition 
12.71 (a) then implies /mP"^'"^'"' C gl{i + ly^^. Since elements of C^. are conjugate to 
elements of /mP"^'"^'"' (9*. C g[(i + l)*"^^. This completes the proof. 

Q.E.D. 

4.4. v4-orbits in Ql{n)cr\S. We now discuss how the construction in sections 14.21 and H73l 
can be generalized to describe A-orbits of dimension strictly less than Q) in the Zariski 
open subset of the fibre Ql{n)cr\S. In this case, it is more difficult to define the morphism 
pai,a2,- - ,a„_i appears in equation (14. 2p . The problem is that it is not clear how to 
define a morphism O^. GL{i + 1) which sends x — > ^fj j+i(a:) where Ad(g'j^j+i(x)) ■ x 
is in Jordan form (with eigenvalues in decreasing lexicographical order). This is not 
difficult in the strongly regular case, as we are dealing with free Zj-orbits (9^. ~ Z^ so 
that gi^i^i{x) can be defined as in equation (14.31) . The fortunate fact is that even for an 
orbit 01, C of dimension strictly less than i, there exists a connected, Zariski 

closed subgroup Ki C Zi with Ki acting freely on (9^. ~ K^. Therefore, we can mimic 
what we did in equation (14. 3p . 

To prove this, we need to understand better the action of Zi on S*. As in section 
14.11 let J = © ■ ■ ■ © Ja,, be the i x i cutoff of the matrix in (14. ip . where G 0t(%) 
is the Jordan block corresponding to eigenvalue Aj. We note since J is regular, Zi is an 
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abelian connected algebraic group, which is the product of groups Y\,-^ ? where Zj. 
denotes the centrahzer of Jx. . It is then easy to see that the action of Z^ is the diagonal 
action of the product 11^=1 ^^^^ column of x G .^.^^ and the dual action on 

the last row of x (see ( 14. ip ). In other words, Zj^, acts only on the columns and rows of 
X that contain the Jordan block Jx- (see f l4.ip ). This leads us to define an action of Zj^ 
on C2"J 

(4.18) Z ■ {[ti, ■ ■ ■ [Si, ■ ■ ■ ,s„J'^) = i[ti, ■ ■ ■ ■ z^'^.z- [Si,- ■ ■ ,Snjf). 

For X G El let O be its Z^-orbit, and let Oj C C^"^ be the Zj^ -orbit of x[j] = 
], [j/j-i, ■ ■ ■ ,2/j,„J) (where the coordinates for x are as in (HH])). It follows 
directly from our above remarks that 

(4.19) 0-OiX---xOr, 

where the isomorphism is Zj-equivariant. Using this description of a Zj-orbit O C S*. 
it is easy to describe the structure of the isotropy groups for the Zj-action. 

Lemma 4.14. Let x G S*. ^^^^ and let Stab{x) C Zi be the isotropy group of x under the 
action of Zi on S*^^^.^^ . Then, up to reordering, 

q r 

(4.20) Stab{x) =Y[Zj^^ X JJ Uj, 

j=i j=g+i 

where Uj C Zj^ is a unipotent Zariski closed subgroup (possibly trivial) for some q, 
< q < r. 

Proof. Suppose that x G S*.^^.^^ is given by (14. ip . For ease of notation, we let Zj^^ = Zj^^. 
By equation (14.190 . to compute the stabilizer of x we need only compute the stabilizers 
for each of the Zj^ orbits = Zj^ ■ where 1 < < r. To compute the stabilizer of 
suppose that y^^i ^ 0, but for z < / < n^, yk^i = 0. We consider the matrix equation: 

(4.21) Ak-yk = yk, 

where G Zj^ is an invertible upper triangular Toeplitz matrix and yt G C"'' is the 
column vector y^. = {yk,i,--- , yk,i, 0, ■ ■ ■ ,0)^. As A^. is an upper triangular Toeplitz 
matrix, we see by considering the ith row in equation (I4.2ip that is forced to be 
unipotent. If on the other hand, all ykj = for 1 < j < rifc, we can argue similarly using 
the Zkj and the dual action. 

If ykj = for all / and Zk^i = for all I, then clearly the stabilizer of x[k] is Zj^ itself. 
Repeating this analysis for each k, 1 < k < r and after possibly reordering the Jordan 
blocks of Xi, we get the desired result. 

Q.E.D. 

We have an immediate corollary to the lemma which we stated before Theorem 14.91 as 
Lemma 14. 8[ 
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Corollary 4.15. For any x G Stab{x) is connected. 

Proof. Upon reordering the eigevalues, we can always assume that Stab{x) has the form 
given in (14.201) in Lemma [4.141 This proves the result, since unipotent algebraic groups 
are always connected and the groups Zj. are connected, since they are centralizers of 

i 

regular elements in Qi[nj). 

Q.E.D. 

We can now prove the structural theorem about the group Zi that lets us construct the 
morphism r^i."2, - ,an-i ^j-^g general case. 

Theorem 4.16. Let x G S*.^^.^^ and let Stab{x) C Zi denote the isotropy group of x 
under the action of Zi on . . Then as an algebraic group, 

Zi = Stab{x) X K, 

where K is a connected, Zariski closed algebraic subgroup of Zi. 

Proof. For the purposes of this proof we denote by H the group Stab{x). Without loss of 
generality, we assume H is as given in (I4.20p . Let = Lie{Zi) and let f) = Lie{H). Now, 
by Lemma [4.141 \j 

q r 

(4.22) (3 = 03,^^© n,, 

j=i i=g+i 

where jj^. is the Lie algebra of the abelian algebraic group Zj^ and nj = Lie{Uj) is a Lie 
subalgebra of n"'"(nj), the strictly upper triangular matrices in Qi{nj). 

The proof proceeds in two steps. We first find an algebraic Lie subalgebra t C 3, such 
that 3j = [) © fi as Lie algebras. We then show that if X C Zj is the corresponding Zariski 
closed subgroup Z^ = H K and H (1 K = {e}. To find fi, consider the abelian Lie algebra 
for g + 1 < j < r. Since is abelian, it has a Jordan decomposition as a direct 

sum of Lie algebras 3 J = 3^ ©3j , where 3}* are the semisimple elements of 3 j and 

3} are the nilpotent elements. Now the Lie algebra n,- in (14.221) is a subalgebra of 3} . 

^3 ^ ^3 

Take n,- so that 3j = iXj © n,-. Let 

^3 

Note that mj©nj = 3j^ , • We claim that xrij is an algebraic subalgebra of 3j^ . Indeed, n,- is 

algebraic, since it is a nilpotent Lie algebra (see [13], pg 383). Let Nj be the corresponding 
algebraic subgroup. Then Mj = x Nj has Lie{Mj) = irij, as is the semisimple part 
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of group Zj^ (see (14. II) ). We then take 

r 

e = m,. 

j=q+l 

This finishes the first step. 

Let K = YYj^q+i be the Zariski closed, connected algebraic subgroup of 11^=5+1 ^Jx 
that corresponds to the algebraic Lie algebra i. We now show that Zi = H x K. By our 
choice of , if fl is finite. But we also have, H HK C 11^=5+1 Uj and is thus unipotent 
(see f l4.20p ). Since any unipotent group must be connected, we have H n K = {e}. Now, 
it is clear that Zi = H K, as H K is a. closed, connected subgroup of Zi of dimension 
dim Zi. This completes the proof. 

Q.E.D. 

With Theorem 14.161 in hand, we can define the general p^i-'^z, - morphism of (14. 2p . 
as we did in the strongly regular case. Now, suppose we are given Zj-orbits in S*. 
(9^. = Ka- ■ — Ka- with Ka^ as in Theorem 14.161 for 1 < i < n — 1, and with 0* . 
consisting of regular elements of gl(z + 1) for 1 < i < n — 2. We define a morphism 

as in equation (14. 4p . 

Propositions 14.31 and 14. 7[ Theorem 14. 6[ and Remark 14.101 from the strongly regular case 
remain valid in this case by simply replacing the groups Zi by the groups Ka^. We recall 
that the main ingredient in proving Theorem 14.61 is the fact that the group Zi acts freely 
on (9^. . The analogue of Theorem 14.91 remains valid in this, as it is easy to show 

r^(/mr^i''^^'- = Vy, 

with Vy as in fl^ . 

We obtain at last Theorem 14.21 

Theorem 4.17. The image of the map p^i-'^z,--- ,an-i exactly one A-orbit in Ql{n)c fl S. 
Moreover, every A-orbit in Ql{n)c (1 S is of the form J772,r^i."2,- - j^qj, some choice of 
orbits Ol^_ C '^l-^a+i' ^^^^ consisting of regular elements of Ql{i + 1) for 1 < i < n — 2. 

The following corollary of Thoerem 14.21 is a generalization of Theorem 3.14 in [0] to 
include elements that are not necessarily strongly regular. 

Corollary 4.18. Let x G Ql{n)c fl S. The A-orbit of x, A ■ x is a smooth, irreducible 
subvariety of gl{n) that is isomorphic as an algebraic variety to a closed subgroup x 
• • • X i^a„_i of the connected algebraic group Zi x • ■ ■ x Zn-i- 
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5. Counting v4-orbits in Ql{nYj'''s 

n(n + l) 

Using Theorem 14.91 we can count the number of A-orbits in Ql{n)^J^^ for any c G C 2 
and exphcitly describe the orbits. From Theorem 14.91 and Remark 14.101 counting the 
number of j4-orbits in Ql{n)l^^^ is equivalent to counting the number of Zj-orbits in S*^ ^^^^ 
on which Zi acts freely. We show in this section that the number of such orbits is directly 
related to the number of degeneracies in the roots of the monic polynomials Pait) and 
Pc,+j_{t) (see (11. 2p ). The study of this problem can be reduced to studying the structure of 
nilpotent solution varieties Sqq. Thus, we begin our discussion by describing the y4-orbit 
structure of the nilfibre g[(?T.)o'^'^^. 



5.1. Nilpotent solution varieties and A-orbits in the nilfibre. In this section, we 
study strongly regular matrices in the fibre 0t(r2,)o. By definition x G 0l(Ti)o if and only if 
Xi G g[(i) is nilpotent for all i. Such matrices have been studied by [HJ and [12] . 

We restate Definition l4.1l of the solution variety .^^.^^ in this case. Elements of g[(i+l) 
of the form 



(5.1) 



X 










1 






1 



Zi 



2/1 



Vi 
w 



which are nilpotent define the nilpotent solution variety at level i, which we denote by 
Sqq. In this case, it is easy to write down elements in Sqq. For example, we can take 
all of the Zj, yj, and w to be 0. However, such an element is not regular, and so cannot 
be used to construct a r«i'«2,- -,an-i mapping that gives rise to a strongly regular orbit in 
QlQ^'^^^n). To describe y4-orbits in gl{n)Q^^^, we focus our attention on free Zj-orbits in Sq q, 
(see Theorem 14. 9p . To find such orbits, we need to compute the characteristic polynomial 
of X. 

Proposition 5.1. The characteristic polynomial of the matrix in liS. 1\) is 



(5.2) 



det(X - t) 



Proof. We compute the characteristic polynomial for the matrix in (15. ip using the Schur 
complement formula for the determinant (see [7], pgs 21-22). In the notation of that 
reference a = {l,---,n — 1} and a' = {n}. Let J = Xi denote the principal nilpotent 
Jordan block. Then the Schur complement formula in [7] gives 



(5.3) 



det(X -t) = det( J - t) {w ~ t) - z adj{J - t) y, 



Zi\ IS a row 



where adj{J — t) G gl{i) denotes the classical adjoint matrix, z_ = [zi,- 
vector, and y = [2/1, ■■ ■ , 2/j]"^ is a column vector. We easily compute that det( J — t) 
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(— . It is not difficult to see that 



t 





Now, we compute that the coefficient of for < / < i — 1 in the product z adj{J — 

t) f is 

i-i 

(5.4) {-iy-'J2^^y^+i- 

Summing up the terms in (15.41) for < / < z — 1 and using equation (15.31) . we obtain the 
polynomial in (15. 2p . 

Q.E.D. 

For the matrix in ( 15. ip to be nilpotent, we require that all of the coefficients of the 
polynomial in (15. 2p (excluding the leading coefficient) vanish. 



adj{J — t) 







t 



i-1 



(5.5) 



ZiVi = 
ziyi_i + Z2yi = 

ZiUi H h ZiUi = 



We claim that Sq q has exactly two free Zj-orbits. These correspond to choosing either 
zi & , Ui = 0, OT Ui G , zi = in the ffist equation of (15. 5p . We claim that any point 
in Hq q with 2:1 7^ is in 



(5.6) 



1 



■■■ 

Zi ■■■ 







1 ; 




Zi 
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with Zj & C ,2 < j < i. Any point in Sq g with i/i G is in 



(5.7) 



1 



■■■ 

■•• 



1 






2/1 







with Vj & C ,1 < j < i — 1. To verify this claim, note that if 2:1 7^ and i/i = 0, then 
yi = 0, 2/2 = 0, ■ ■ ■ , yi^i = by successive use of equations (15. 5p . The case yi 0, zi = 
is similar. An easy computation in linear algebra, as in the proof of Lemma 14.141 gives 

and Oi 



and 01. 



We think of 0}j as the "upper orbit 



m ^, 



0,0 



that Zi acts freely on O 
as the "lower orbit". Both orbits consist of regular elements of gt(« + 1) by Theorem 14.131 

Now, suppose that both zi = = yi in (15. 5p . It is easy to see that such an element has 
a non-trivial isotropy group in Zi containing the one dimensional subgroup of matrices 



" 1 ••• c " 

1 ■•. ; 

; ■•. 

1 



with c G C^. It does not belong to a Zj-orbit of dimension i. 

Thus, to analyze qIq^'^^^u), we consider only the Zj-orbits Olj,0\^. Using the orbits 
Oljj , 0\^, we can construct 2"~^ morphisms of the form r«i'"2, -- .^n-i where = (9^ , 
for 1 < i < n — 1. The following result follows immediately from Theorems 14.91 and 14.121 
and Remark 14.101 

Theorem 5.2. The nilfibre g[(n)Q'^^^ contains 2'"'~^ A-orbits. On Ql{n)Q^^^ the orbits of A 
are orbits of a free action of the algebraic group (C^)"^"*^ x 



The nilfibre has much more structure than Theorem 15.21 indicates. We can see this 
additional structure by considering an example of an A-orbit given as the image of a 
morphism r^Laa,- - ,071-1 ^vith (9*. = Olj, 0\ and its closure. Closure here means either 
closure in the Zariski topology in 0[(n) or in the Euclidean topology, since A-orbits are 
constructible sets these two different types of closure agree (see Theorem 3.7 in [9]). For 
ease of notation, we will abbreviate from now on 0\ = L, 0\j = U. 

Example 5.3. Let us take our A-orbit in qI{4:)q^'^^ to be the image of r^^'*^^'"^ with ai = 
L, a2 = L,a3 = U. For coordinates, let us take for O}^, z\ G C^, for 0|, ^2 ^ C^, 2:3 G C, 
and for O^, yi, yi G C, 7/3 G C^. In these coordinates, we compute that ImT^'^'^ is 
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(5.8) 



ImT 



L,L,U 














Z1Z2 

m _ y3Z3 


Zl Z3 


Z2 





yi 















Since for x G Ql{n)f^^, A - x is an irreducible variety of dimension (2) by Theorem 3.12 
[9], we compute the closure 



m 



(5.9) 












ai 


a2 








as 




as 





oe 















with Cj G C for 1 < i < 6. ImT^'^''^ is a nilradical of a Borel subalgebra that contains 
the standard Cartan subalgebra of diagonal matrices in 0l(4). The easiest way to see this 
is to note that the strictly lower triangular matrices in 0l(4) are conjugate to ImT^'^'^ 
by the permutation r = (1432). 

This example illustrates that the A-orbits in Ql{nyj'^^ are essentially parameterized by 
prescribing whether or not the the i x i cutoff of an element x G 0l(?^)o has zeroes in its 
ith column or zeroes in its ith row. This is because for an x G fll(n)o to be in the image of 
a morphism r^i''^2, --,an-i -^j^Ji = L, U, the zth row or the zth column of Xi must entirely 
consist of zeroes for each i by Proposition 14.31 

Contrast this with the following example of a matrix x G fll(?^)o each of whose cutoffs 
is regular, but that is not strongly regular. 

Example 5.4. Consider x G 0l(4)o 



(5.10) 



X 















1 








X2 





1 





X3 


yi 












where X2 G C^, yi G C^, and X3 G C. Note that both the 4th column and row of this 
matrix have non-zero entries. Thus, this matrix cannot be in the image of a morphism 
■pai,a2,- - -^yith = L, [/ and is not strongly regular. However, one can easily check 
that each cutoff of this matrix is regular so that x G gl(4)o fl S. Thus, 01(4)0^*^^ is a proper 
subset of 0[(4)o n S*. (One can also see that this matrix is not strongly regular directly by 
observing that ^gi^3)ix3) n ^ 0. ) 



Example 15.31 demonstrates that although the A-orbits /777,rj^i'"2,- - ,an-i j-^g^y compli- 
cated, their closures are relatively simple. In this example, the closure is a nilradical of 
a Borel subalgebra that contains the standard Cartan subalgebra of diagonal matrices in 
g[(n). This is in fact the case in general. 
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Theorem 5.5. Let x G dK''^)o^^^ '^^'^ let A ■ x denote that A-orbit of x. Then A ■ x is 
a nilradical of a Borel subalgebra in Ql{n) that contains the standard Cartan subalgebra 
of diagonal matrices. More explicitly, if the A-orbit is given by r^i''J2,---,an-i yjfiere Oj = 
U or L for 1 < i < n — 1, then A - x is the set of matrices of the following form 





\^ 




bi - 








Xi 






n-l • ^ 


X . Xi^i 




h 


j 






_ 








with bj G C if ai = U , or if = L 
with bj E C. 

Proof. Let x G gllnYJ^^ . By Gerstenhaber's Theorem [B], it suffices to show the second 
statement of the theorem. Then A ■ a; is a linear space consisting of nilpotent matrices of 
dimension (g); which is clearly normalized by the diagonal matrices in Ql{n). 

Suppose that A ■ x = JmY'^^'"'^''" '"'"-^ with = U, L. Then it is easy to see A - x C 
Tiai,--- ,a„_i by the definition of the morphism r^i-'^ar -.an-i jj^ section W7]\, By Theorem 3.12 
in P, y4 ■ a; is an irreducible variety of dimension (2)- Thus, A-x C na^_...,a„_i is an 
irreducible, closed subvariety of dimension (2) = dimna^,...,a„_i, and therefore A-x = 

Q.E.D. 

Remark 5.6. The strictly lower triangular matrices n~ is the closure of the y4-orbit 
r^' "''^, and the strictly upper triangular matrices n"'" is the closure of the y4-orbit F^''"''^. 

By Theorem 15. 5 [ the A-orbits in gl{n)^^'^^ give rise to 2"^^ Borel subalgebras of Ql{n) that 
contain the diagonal matrices. Moreover, each of the nilradicals na^^...,a„_i is conjugate 
to the strictly lower triangular matrices by a unique permutation in iS„, the symmetric 
group on n letters. The A-orbits in g[{n)^^^ thus determine 2"'"^ permutations. We now 
describe these permutations. 

Theorem 5.7. Let n denote the strictly lower triangular matrices in gi{n) and let 
nai,---,a„_i be as in Theorem 15.51 Then nai,...,a„_i is obtained from n~ by conjugating 
by a permutation a = TiT2- ■ -Tn-i where Ti G iSj+i is either the long element Wi^ of Si+i 
or the identity permutation, idi. The Ti are determined by the values of ai as follows. Let 
an = L. Starting with i = n — 1, we compare Ui, Oj+i. If Oi = aj+i, then = idi, but if 
ai 7^ ttj+i, then Ti = Wo^i. 

The same procedure beginning with an = U produces a permutation that conjugates the 
strictly upper triangular matrices n"*" into nai,...,a„_i ■ 



Xi 



bi 
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Before proving Theorem 15.71 let us see it in action in Example 15.31 In that case the 
nilradical in equation (15.91) is nL^L,u- Thus, according to Theorem 15. 7^ a = (13) (14) (23), 
the product of the long elements for 1S3 and 1S4. Notice that a = (1432), which is precisely 
the permutation that we observed conjugates the strictly lower triangular matrices in 
g[(4) into v\.l,l,u in Example 15. 3[ 

We now prove Theorem 15. 7[ In the proof, we will make use of the following notation. 
Let TTj : 0[(n) be the projection Tiii^x) = Xi. For any subset S C Q\.{n) we will 

denote by Si the image Tii{S). 

Proof. Suppose that L = Un = «n-i = ■ ■ ■ = flj+i, but = U. Conjugating n~ by = wo^i 
produces the nilradical Ad(ri) ■ n~ with (Ad(rj) ■ n^)i+i = rij^j^. Thus, (nai,...,a„_i)i+i and 
(Ad(rj) ■ n~)j+i now have the same i + 1 columns. We also note that the components 
of Ad(rj) ■ n~ and xiaj^^... ^a^-i in sK^ + 1)^ ^iso agree, as Tj permutes the strictly lower 
triangular entries of the rows below the i + 1th row of n~ amongst themselves. Now, we 
start the procedure again with (Ad(rj) ■ n~)j+i and ai = U use induction. We note that 
conjugating Ad(Tj) ■ by a permutation in Sk with A; < z + 1 leaves the component of 
Ad(rj) ■ n~ in g[(i + 1)-*- unchanged. This proves the theorem. 

Q.E.D. 

Remark 5.8. There is a related result in recent work of Parlett and Strang. See Lemma 
1 in [12], pg 1736. 



5.2. General solution varieties S*^^^^^ and counting yl-orbits in Ql{n)f^^. Now, we 
use our understanding of the nilpotent case to count A-orbits in the general case. Recall 
the definition of the solution variety S*^ ^.^^ in section 14. 1[ We also recall some notation. 

n{n+l) . 

Given c G C 2 , we write c = (ci, ■ ■ ■ , Q, ■ ■ ■ , c^) with Ct = [Zi, ■ ■ ■ , Zi) G and define 
a corresponding monic polynomial Pait) with coefficients given by q (see (II. 2p ). Recall 
also that J = Ja^ © ■ ■ ■ © J\^, G gl{nk), denotes the regular Jordan form that is the 
i X i cutoff of the matrix in (14.11) . We now describe the Zj-orbit structure of the variety 
^c„c,+i foi^ any q G C and Q+i G 

As in the nilpotent case, to understand S*. we must compute the characteristic 
polynomial of the matrix in (14. ip . 

Proposition 5.9. The characteristic polynomial of the matrix in ( [^.i| ) is 
(5.11) 



k=i j=i 



k=i,kf^j 1=0 j'=i 



.,^1-1 



The proof of this proposition reduces to the case where J is a single Jordan block of 
eigenvalue A. The case of a single Jordan block follows easily from the nilpotent case in 
Proposition 15.11 by a simple change of variables. 
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We need to understand the conditions that Zij, yij, and w must satisfy so that poly- 
nomial in (15.111) is equal to the monic polynomial w is easily determined by 
considering the trace of the matrix in (14.11) . The values of the Zi^ and the i/ij are di- 
rectly related to the number of roots in common between the polynomials Pait) and 
Pc,+i{t). Suppose that the polynomials Pait) and Pa+iit) have j roots in common, where 
^ ^ j ^ r. Then we claim that , ^^^^ has precisely 2^ free Zj-orbits. Consider the Jordan 
block corresponding to the eigenvalue A^. First, suppose that is a root of Pci+i(0- Then 
Proposition 15.91 implies 

(5.12) 2fc,i2/fc,nfc = 0. 

However, if is not a root of pc-_^_j^{t), then Proposition 15.91 gives 

(5.13) Zk,iyk,nk e 

As in the nilpotent case, (I5.12p gives rise to two separate cases. 

(5.14) e C^ = 
and 

(5.15) yk,n, e C^ Zk,i = 0. 



In the case of (I5.14p . we can argue using (15. lip that the coordinates yk,i for 1 < z < rifc 
can be solved uniquely as regular functions of Zk,i G C^, Zk,2,--- , Zk,nk ^ And in 
the case of (I5.15p . we can solve for Zk^i as regular functions of yk,nk ^ and yk^i G C, 
1 < z < rifc — 1. In the case of (I5.13p . we can take either the Zk,i as coordinates that 
determine the yk^i or vice versa. For concreteness, we take yk^i = Pi(-2fc,i, ■ ■ ■ , -Zfc.n^) to be 
regular functions of z^^i G C^, Zk,2, ■ ■ ■ , Zk,nk ^ 



Remark 5.10. The solutions in the cases of (I5.12p and (I5.13P are obtained by setting 
the derivatives of the polynomial in (15. lip up to order rip — 1 evaluated at Xp equal to the 
corresponding derivatives of the polynomial Pa+iit) evaluated at Ap for 1 < p < r. This 
produces r systems of linear equations. Each system involves only the coordinates Zp^k and 
^p.fc from the pth Jordan block. This follows directly from the fact that the eigenvalues 
Xs are all distinct. Each system can then be solved inductively using the fact that the 
coefficient of (— l)"J'(t — Ap)'' 111=1 k^pi'^k — t)""' is given by the n — qth row of the matrix 
product 







Zp,l 


Zp,2 ■ ■ ■ 


Zp,np 






(5.16) 







Zp,l 
















Zp,2 













... 






. yp,np _ 


Recall that Zi 


is the direct product Zi - 




X ■ 





of Jx^. The adjoint action of Zi on S 
the columns and rows of an x G S 



with Zj. 
is a diagonal action where Z^ 



the centralizer 
^ acts only on 



containing Jx^. This observation allowed us to 
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decompose a Zj-orbit O into the product of Zj^^ -orbits, Ok C C^"'^ as in equation (I4.19p . 
which we restate here for the convenience of the reader. 

O ~ d X • ■ ■ X Cfc, 

where the isomorphism is Zj-equivariant and Zj^^ acts on Ok as in equation fl4.18p . If 
is a root of Pc^+ilO? then fl5.12p gives rise to two free Zj^^ -orbits, an "upper" orbit O^ in 
the case of (15.151) and a "lower" orbit O^ in the case of fl5.14p . This is proved similarly to 
the nilpotent case. If on the other hand, is not a root of Pc,+i(t), and we have (I5.13p . 
then the vector 

is a free Zj^. -orbit under the action of Zj^ defined in (14.180 . Thus, using the orbits 
and O^ for 1 < A; < j, we can construct 2^ free Zj-orbits in S*. ^.^^ by (I4.19p . 

Now, using Theorem 14. 131 we can construct 2^«=i rai,a2, -- An-i morphisms into gl(n)^''^^ 
where ji is the number of roots in common to the monic polynomials Pait) and Pa+iit)- 
The following result follows immediately from Theorem 14. 91 and Theorem 14 . 1 21 and Remark 

ilol 

Theorem 5.11. Let c = (ci,C2,--- ,Ci,Ci+i,-- - , c„) G C 2 . Suppose there are < 
ji < i roots in common between the monic polynomials Pait) and Pa+iif)- Then the 
number of A- orbits in QiijiYJ'^^ is exactly 2^*=! ^\ Further, on QlijiYJ^^ the orbits of A 
are the orbits of a free algebraic action of the commutative, connected algebraic group 
Z = Zi X ■ ■ ■ X Zn-i on 0[(n)f '^s. 

Remark 5.12. A similar result is obtained in recent work of Bielawski and Pidstrygach 
pp. See Remark 11.31 in the introduction. 

Theorem 15.111 lets us identify exactly where the action of the group A is transitive on 

"("+1) 

QlijiYJ^^ . Let 6„ be the set of c G C 2 such that the monic polynomials Pait) and 

- 1 n(n4-l) 

Pci+^it) have no roots in common. From Remark 2.16 in [9], it follows that Qn C C 2 
is Zariski principal open. 

Corollary 5.13. The action of A is transitive on Q[{nYJ'^^ if and only if c G Gn- 

Remark 5.14. We will see in the next section that for c G 0„, qKjiYc^^ = Ql{n)c- Thus, 
for c G 0„ the fibre Qi{n)c consists entirely of strongly regular elements. 

Corollary 15.131 allows us to enlarge the set of generic matrices Qi{n)a studied by Kostant 
and Wallach. 

5.3. The new set of generic matrices 0l(n)e- We can expand the set of matrices 
0[(n)n studied by Kostant and Wallach by relaxing the condition that each cutoff is 
regular semisimple. More precisely, let (T{xi) denote the spectrum of Xi G 0t(i), where Xi 
is viewed as an element of We define a Zariski open subset of elements of Q\.{n) by 

0[(n)e = {x G 0l(n)| a{xi^i) n a{xi) = 0, 2 < z < n}. 
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Clearly, Ql{n)e = [jceSn 0K^)c- 

Theorem 5.15. The elements of gi{n)Q are strongly regular and therefore Ql{n)f'^^ = 
Ql{n)c for c G ©,„. Moreover, gl^n)^ is the maximal subset of Ql{n) for which the action 
of A is transitive on the fibres of^. 

Proof. If Pci{t) and Pcj+i(^) are relatively prime polynomials, then we claim S*. ^. ^ is 
exactly one free Zj-orbit. Indeed, in this case we only have the conditions fl5.13p for 
1 < k < r. Thus, we can apply our observation in fl5.17p to see that S*^ ^. ^ is one free Zj- 
orbit and hence consists of regular elements of + 1) by Theorem 14. 131 Given x G 0t(n)c 
with c G 0„, we claim that x G JmT":^'"'^''" '"""-^ with = ^. for 1 < z < n—1. Indeed, 
X2 G ^2 and is therefore regular. Thus, by Remark \AA\ there exists a g'2 G GL{2) such 
that (Ad(5f2) ■ x)^ = {Ad{g2) ■ X3) G S^^^cg- Now, suppose Xi+i G Ad{GL{i)) ■ 
Thus, Xj+i G gl{i + 1) is regular and Remark [4.41 provides a gi^i G G'L(z + 1) such that 
(Ad(^i+i) ■ x)i+2 = Ad(^i+i) ■ Xi+2 e ^it+i,c,+2- By induction, Xj+i G Ad(G'L(j)) ■ S^c,,c,+i 
for any j,l<j<n — 1. Proposition 14.31 implies that x G /mF^^''^^'"'"""^. Thus, by 
Theorem 14.91 gl(n)e C gl(n)^'''^^. The rest of the Theorem follows from Corollary 15.131 

Q.E.D. 

Remark 5.16. For a matrix x G Ql{n)c where c G 0„, its strictly upper triangular part 
is determined by its strictly lower triangular part. This follows from the definition of the 
morphisms r«i'a2,- - ,an-i gj^^^ ^j^g fg^^^ that all of the i/k^i can be solved uniquely as regular 
functions of the z^^i for 1 < i < Uk, 1 < k < r. 

The fact that elements of gf(n)e are strongly regular gives us the following corollary. 
Corollary 5.17. Let x G Qi{n)Q. Then Xi G Ql{i) is regular for all i. 

Using Corollary 15. 131 and Theorem 15. IH we get a direct generalization of Theorem 3.23 
in [9] for the case of 9^. 

Ti(n + 1) 

Corollary 5.18. For c G 0„ C C^^, Ql{n)c ^ Zi X • • • X Z'fi—\ 8jS algebraic varieties. 
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